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Abstract
In this paper three classes of topological groups are considered: the groups which, in the sense
of their topological structure, are Lindelöf P-spaces, and the groups which are o-bounded or strictly
o-bounded. In the sense of covering properties these classes are close to σ -compactness.
We construct an example of a topological group G which is a Lindelöf P-space but is not strictly o-
bounded. The example is generated by a ladder system. We answer some questions of C. Hernandez
and M. Tkachenko.
 2002 Elsevier Science B.V. All rights reserved.
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Introduction
The aim of this paper is to continue research done in [2,3,9] on the various classes of
topological groups which, in the sense of covering properties, are close to the class of
σ -compact groups.
We are interested in the classes of strictly o-bounded and o-bounded groups and the
groups which are Lindelöf P-spaces in the sense of their topological structure (see Section 1
for definitions). These notions are interlinked since every group which is a Lindelöf P-space
is o-bounded and similarly every strictly o-bounded group is o-bounded (see [2]). The
assumption that a given group is a Lindelöf P-space gives a strong information about
covering properties of the group, hence a question was raised in [2] (Problem 2.5) if such a
group is necessarily strictly o-bounded. We give an example of a group which is a Lindelöf
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P-space, but is not strictly o-bounded. This is also an example of a topological group which
is o-bounded but is not strictly o-bounded. In [2] there was proposed a topological group
[2, Example 6.1] with this property, but it appears that construction contains a mistake.
An example of a topological group which is o-bounded but not strictly o-bounded was
constructed in [3, Theorem 3.1] under the assumption of ✸. It seems that our example is
the first ZFC example of a topological group of this kind known in literature. Moreover,
the group is o-bounded and every second-countable, continuous homomorphic image of the
group is strictly o-bounded, but the group is not strictly o-bounded. Indeed, [3, Lemma 2.2]
says that every second countable, continuous homomorphic image of every group which
is a Lindelöf P-space is countable. Under additional assumption of ✸ a similar example,
with slightly weaker properties, was constructed in [3, Theorem 3.1] in order to answer a
question raised in [9, Problem 3.3], [2, Problem 4.2]. It seems that our example is the first
ZFC example in literature which answers the question.
This paper is divided into sections. In Section 1 we give definitions of basic notions and
in Section 2 we describe a group G, which is the above mentioned example. In Section 3
we prove that the groupG is not strictly o-bounded and in Section 4, using a method known
in literature, we prove that the group G is a Lindelöf P-space.
In [6] there was given an example of a compact space K such that the space of all
continuous functions on K is weakly Lindelöf but is not weakly compactly generated; our
group G was used in the construction.
The notion of strictly o-boundedness concerns covering properties of a given group and
is expressed in terms of the existence of a winning strategy in a game in which the goal of
one the players is to cover the whole space. In [8,7] the same group was used to show that
there is no winning strategy in another covering games.
1. Definitions
All spaces under consideration are completely regular and all groups are Abelian.
A topological space X is Lindelöf if for every open cover F of X there exists a countable
subfamily G ⊂F which is a cover of X. Let us notice that the class of all Lindelöf spaces is
closed with respect to countable unions and continuous images. Moreover, if X is Lindelöf,
Y ⊂X and Y is closed, then Y is Lindelöf.
A topological space X is P-space if for every family Gn ⊂ X (n ∈ N) of open subsets
of X, the intersection
⋂
n∈NGn is an open subset of X.
Let us fix a topological group G with the operation symbolized by + and identity
0 = 0G. If A,B ⊂G then A+B denotes the set {x+ y: x ∈A, y ∈B}. We say that group
G is o-bounded if for every sequence Un of open neighborhoods of 0 in G there exists a
sequence {Kn}n∈N such that for every n ∈N the set Kn ⊂G is finite and {Un+Kn: n ∈N}
covers G.
For a given topological group G we define a game Γ (G). Player I plays Un an open
neighborhoods of identity 0 in G and Player II answers with a finite sets of points Kn ⊂G
(n ∈N):
I U0 U1
. . .
II K0 K1
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Player II wins the game if G ⊂⋃n∈N(Un + Kn). Topological group is called strictly o-
bounded if the Player II has a winning strategy in Γ (G). It follows from the definition that
if a group G is strictly o-bounded, then it is also o-bounded.
A subset C ⊂ ω1 is closed if it is closed in the ordinal topology on ω1; the set C is
unbounded if for every α < ω1 there exists β ∈ C such that α < β . A set S ⊂ ω1 is called
stationary if S intersects every closed and unbounded set in ω1. If sets An ⊂ ω1 (n ∈ N)
are not stationary then
⋃
n∈NAn is not stationary (see [4, Lemma 7.4]).
Let S ⊂ ω1 and φ :S→ ω1. We say that the function φ is regressive if for every α ∈ S
we have φ(α) < α. The Pressing Down Lemma (see [4, Theorem 22]) says that for every
stationary set S ⊂ ω1 and a regressive function φ :S → ω1 there exists a stationary set
T ⊂ S and an ordinal γ < ω1 such that for every α ∈ T we have φ(α)= γ .
2. Description of the example
Let Lim be the set of all limit ordinals in ω1. Let us notice that the set is closed
and unbounded and if S ⊂ ω1 is a stationary set then S ∩ Lim is stationary. For every
α ∈ Lim we fix an increasing sequence (sαn )n∈N of countable ordinals with limit α. This
sequence is called a ladder converging to α. For f :ω1 → {0,1} we define the support
of f as supp(f ) = {α < ω1: f (α) 
= 0}. If K ⊂ {0,1}ω1 then we define supp(K) =⋃
f∈K supp(f ).
Let E be the set of all functions f :ω1 → {0,1} which belong to one of the following
two classes:
(1) f has finite support, or
(2) there exists α < ω1 such that for every β < ω1 f (β)= 1 if and only if β = sαn for some
n ∈N or β = α. In other words f is the characteristic function χ{sαn }n∈N∪{α}.
We define the group G as the set of all functions f ∈ 2ω1 with the property that there
exist f1, . . . , fn ∈ E such that f = f1 + · · · + fn. For f ∈ G and α < ω1 let us define
B(f,α) = {g ∈G: f |α = g|α}. Family {B(f,α)}α<ω1,f∈G is a basis of the space G. The
basis has power ω1.
3. The groupG is not strictly o-bounded
Let us assume for contradiction that the Player II does have a winning strategy F in the
game Γ (G).
3.1. We will
• define a regressive function φ : Lim→ ω1, and
• associate, with every limit ordinal α ∈ ω1
– a natural number nα , and
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– a (possibly empty) increasing sequence (βα0 , . . . , βαnα−1) of ordinals smaller than
φ(α)
such that
χ{sαn }n∈N∪{α} /∈
⋃
knα−1
B
(
0, βαk
)+ F (B(0, βα0 ), . . . ,B(0, βαk )) (1)
and for every β such that α > β  φ(α) > βαnα−1 we have
χ{sαn }n∈N∪{α} ∈ B(0, β)+ F
(
B
(
0, βα0
)
, . . . ,B
(
0, βαnα−1
)
,B(0, β)
)
. (2)
Let α be any limit ordinal smaller than ω1. If there exists β , α > β > sα0 such that
χ{sαn }n∈N∪{α} /∈ B(0, β)+ F
(
B(0, β)
)
then we define βα0 = β . By induction, if there exists β , α > β > max{sαn ,βαn−1} such that
χ{sαn }n∈N∪{α} /∈B(0, β)+ F(B(0, βα0 ), . . . ,B(0, βαn−1),B(0, β)) then we define βαn = β .
Since the strategy F is winning for the Player II, there exists an inductive step nα
such that the procedure cannot be continued. We define φ(α)= max{sαnα , βαnα−1} + 1. The
definition satisfies the conditions (1), (2).
3.2. Due to the Pressing Down Lemma there exists a number γ < ω1 and a stationary
set S ⊂ ω1 such that φ(α) = γ for every α ∈ S. For every finite sequence t of ordinals
below γ we define St = {α: (βα0 , . . . , βαnα−1)= t}. There are only countably many such t’s
and in particular there exists
t = (β0, . . . , β|t |−1) (3)
such that St is stationary since a countable union of sets which are not stationary is not
stationary. Let us define
Kβ = F
(
B(0, β0), . . . ,B(0, β|t |−1),B(0, β)
)
. (4)
3.3. Now we will build by induction:
• a sequence of stationary sets Tm ⊂ St (m ∈N), and
• a sequence {sm}m∈N of countable ordinals such that
Tm+1 ⊂ Tm and (5)
for every element α ∈ Tm+1 we have
(
sα0 , . . . , s
α
m
)= (s0, . . . , sm). (6)
Let T0 = St . For every α ∈ T0 and m ∈ N we define ψm(α) = sαm. According to the
Pressing Down Lemma there exists a stationary set T1 ⊂ T0 and s0 < ω1 such that for
every α ∈ T1 we have ψ0(α)= s0. Subsequently we define Tm+1 ⊂ Tm and sm < ω1 such
that ψm(α)= sm. The sets Tm (m ∈N) satisfy the conditions (5), (6).
3.4. We define
β = max
{
γ, sup
m∈N
sm
}
.
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Let αm ∈ Tm be any element which satisfies αm > β (m ∈ N). According to condition (2)
and definition (4), for every m ∈N we have
χ{sαmn }n∈N∪{αm} ∈B(0, β)+Kβ.
Hence for every m ∈ N there exist fm ∈ B(0, β) and gm ∈ Kβ such that χ{sαmn }n∈N∪{αm} =
fm + gm.
We strive to prove that the family {gm}m∈N is infinite. It will give a contradiction with
the fact that Kβ is a finite set. Firstly let us notice that for every m ∈N and s < β we have
fm(s)= 0 and consequently
gm(s)= χ{sαmn }n∈N∪{αm}(s). (7)
We define an increasing sequence mk ∈N, k ∈N such that for every k, k′ ∈N, k 
= k′ we
have gmk+1 
= gmk′ +1. Let m0 = 0. Since supm∈N sm  β < αm0+1 = α1, there exists m1
such that for every mm1 we have gm0+1(sm)= 0. By induction we choose mk (k ∈ N)
such that for every mmk+1 we have gmk+1(sm)= 0.
For every k, k′ ∈N, k < k′, we have mk′ mk+1 and according to the construction, we
have gmk+1(smk′ )= 0. Due to the condition (6) and equality (7) we have
gmk′+1(smk′ )= χ{sαmk′ +1n }n∈N∪{αmk′ +1}
(smk′ )= 1.
This proves that for every k, k′ ∈N, k 
= k′ we have gmk+1 
= gmk′+1.
4. G is a Lindelöf P-space
Let us begin with an observation that G is a P-space, since for a given decreasing
sequence B(0, αn) (αn < ω1, αn+1 > αn) of basic neighborhoods of 0, the intersection
is an open set of the form B(0, α), where α = supn∈N αn.
We have to check, that the space G is Lindelöf. This fact was proved in greater
generality in [1] and our case is essentially covered by arguments contained in [6,8];
however, for the reader convenience we decided to include a proof of this fact.
Let us recall that the symbol E stands for the set of the generators of G. In order
to show that G is Lindelöf, it is enough to check that for every n ∈ N the space En
is Lindelöf. Indeed, if we prove this, then for hn :En → G defined by the formula
hn(f1, . . . , fn)= f1+· · ·+fn it would hold that G=⋃hn[En] and the Lindelöf property
of G would follow from the fact that each hn[En] is Lindelöf as a continuous image of a
Lindelöf space and the fact that a countable union of Lindelöf spaces is Lindelöf.
Let α < ω1 be an ordinal number. We define Cα as the set of all functions in E whose
supports are contained in α; the set Cα is countable. Let n ∈ N, n > 0, be a fixed natural
number and let U be an open cover of En. We define α0 = ω. One can easily construct by
induction a sequence of countable ordinals αm < ω1, αm < αm+1 (m ∈N) with the property
that for every m ∈ N and f1, . . . , fn ∈ Cαm there exists an open subset Gf1,...,fn ∈ U such
that
∏n
l=1B(fl, αm+1)⊂Gf1,...,fn .
Let α = supm∈N αm and let (f1, . . . , fn) be any element of En such that for every
l ∈ N, 1  l  n, we have fl 
= χ{sαn }n∈N∪{α}. The set supp(fl) ∩ α is bounded in α. We
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define functions f̂l as the restrictions of fl to α and fix a number m ∈ N such that for
every l, 1 l  n, the set supp(f̂l) is contained in αm. According to the construction there
exists Gf̂1,...,f̂n such that
∏n
l=1B(f̂l , α)⊂Gf̂1,...,f̂n . Furthermore,B(fl, α)= B(f̂l , α) and∏n
l=1B(fl, α)⊂Gf̂1,...,f̂n .
The family of open sets G = {Gg1,...,gn : gl ∈ Cα , 1 l  n} is a countable cover of the
space
En
∖( ⋃
1ln
{
(g1, . . . , gn) ∈En: gl = χ{sαn }n∈N∪{α}
})
. (8)
If n= 1 then the only element of En =E which is possibly not covered by G, is the point
χ{sαn }n∈N∪{α}. Due to the fact that G is countable, the space E1 = E is Lindelöf. Let us
assume that for some n > 1 the space En−1 is Lindelöf. For 1 l  n we notice that the
set {(g1, . . . , gn) ∈En: gl = χ{sαn }n∈N∪{α}} is homeomorphic to En−1 and by the inductive
assumption can be covered by countably many elements of U . Hence the whole space En
can be covered by countably many elements of U . This proves that for every n ∈N, n 1
the space En is Lindelöf, since we may find a countable subcover of every given cover U .
Remark. It would have been enough to prove that the space E is Lindelöf. Indeed, a
theorem of [5, Corollary 4.2] says that EN is Lindelöf if E is a Lindelöf P-space.
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